Wide beams can exhibit subcritical buckling, i.e. the slope of the force-displacement curve can become negative in the postbuckling regime. In this paper, we capture this intriguing behaviour by constructing a 1D nonlinear beam model, where the central ingredient is the nonlinearity in the stress-strain relation of the beams constitutive material. First, we present experimental and numerical evidence of a transition to subcritical buckling for wide neo-Hookean hyperelastic beams, when their width-to-length ratio exceeds a critical value of 12%. Second, we construct an effective 1D ener gy density by combining the Mindlin-Reissner kinematics with a nonlinearity in the stress-strain relation. Finally, we establish and solve the governing beam equations to analytically determine the slope of the force-displacement curve in the postbuckling regime. We find, without any adjustable parameters, excellent agreement between the 1D theory, experiments and simulations. Our work extends the understanding of the postbuckling of structures made of wide elastic beams and opens up avenues for the reverse-engineering of instabilities in soft and metamaterials.
Introduction
Recent years have seen an upsurge of interest in the instabilities and postinstability behaviour of flexible structures. Rather than seeing instabilities as failure, they recently have been leveraged to achieve novel functional (meta)materials and structures ( Reis, 2015; Reis et al., 2015 ) . As such, materials and structures featuring snapping ( Florijn et al., 2014; Holmes and Crosby, 2007 ) , wrinkling ( Danas and Triantafyllidis, 2014; Terwagne et al., 2014 ) , fingering ( Biggins et al., 2013 ) or buckling ( Coulais et al., 2015; Mullin et al., 2007; Shim et al., 2012 ) have been created. Collectively they constitute a promising route to develop mechanical devices for sensing ( Brenner et al., 2003; Coulais et al., 2016 ) , actuation ( Li et al., 2013; Overvelde et al., 2015; Terwagne et al., 2014; Wang et al., 2012 ) or soft robotics ( Autumn et al., 20 0 0; Shepherd et al., 2011 ) .
These structures harness postinstabilities and their constituents undergo large deformations. A theoretical description of this regime, where as we will show nonlinearities are key, is not well developed yet. On the one hand, the description of postbuckling behaviour has been widely investigated, but for models in which the constitutive material is assumed to be linearly elastic under small deformations ( Bažant and Cedolin, 2010; Budiansky, 1974; Davies et al., 1994; Humer, 2013; Hutchinson and Koiter, 1970; Magnusson et al., 20 01; Mazzilli, 20 09; Vaz and Silva, 2003 ) . On the other hand, much attention has been devoted to characterizing the instabilities of nonlinear elastic cellular materials ( Geymonat et al., 1993; Lopez-Pamies and Castañeda, 20 06a; 20 06b; Michel et al., 20 07 ) or structures ( Goriely et al., 2008 ) , but only for the onset of instability, and not for the postinstability regime.
Euler buckling, known as the phenomenon where an elastic beam will buckle under a sufficiently large compressive axial load, is perhaps the simplest and the most widespread instability ( Euler, 1774 ) . Much theoretical attention has been devoted to describing it using the classical ( Reiss, 1969; Timoshenko and Gere, 1961 ) , extensible and shearable ( Antman, 1972 ) elastica problem. Further in-depth studies have focused on the onset of buckling, the structure of buckled states ( Antman and Pierce, 1990; Antman and Rosenfeld, 1978 ) , closed form solutions ( Goto et al., 1990; 1987; Pflüger, 2013 ) , large deformations ( Irschik and Gerstmayr, 2009; Simo and Vu-Quoc, 1988; Wang, 1997 ) and three-dimensional ( Reissner, 1973; Simo, 1985; Simo and Vu-Quoc, 1986; 1991 ) deformations. In this paper we investigate the postbuckling regime of wide beams, where strains are necessarily large. A salient feature of buckling of slender beams is that the postbuckling compliance increases tremendously after buckling, yet remains positive. However, in recent work we showed that wide beams that buckle and undergo large deformations can exhibit a negative postbuckling compliance ( Coulais et al., 2015 ) . Although negative compliance is commonly observed in buckling of shells ( Bažant and Cedolin, 2010 ) , pipes ( Hutchinson and Koiter, 1970 ) and the wrinkling of membrames ( Audoly, 2011; Diamant and Witten, 2011; Pocivavsek et al., 2008 ) , it has not been reported for beam buckling, and to the best of our knowledge is not predicted by existing beam models.
Here we develop a 1D nonlinear beam model, that without adjustable parameters, describes the postbuckling slope of wide neo-Hookean beams. In particular, this model allows to analytically capture the onset of subcritical buckling (postbuckling slope < 0) for widths larger than approximately 15%, in good agreement with experiments and FEM simulations. In Section 2 we expand on our previous experimental and numerical findings to show that for neo-Hookean beams, the postbuckling compliance becomes negative when the beam width-to-length ratio t exceeds approximately 12% ( Coulais et al., 2015 ) . In Section 3 we construct an effective 1D ener gy density by combining the Mindlin-Reissner kinematics ( Reissner, 1972 ) with a nonlinearity in the stress-strain relation and establish the governing beam equations. We then solve the beam equations to obtain the variation of the postbuckling slope with t and find that, without any adjustable parameters, our model is in excellent agreement with experiments and simulations. Our work thus unambiguously unravels the link between stress-strain nonlinearity and postbuckling behaviour. While we focus on the buckling of wide neo-Hookean beams, we note that we only need to include quadratic corrections to the stress-strain relation to correctly capture the physics. Hence, for materials with other nonlinear constitutive laws, including metamaterials as explored in Coulais et al. (2015) and Coulais (2016) , our description is also valid. Our analytical description can be used to rationally design the postbuckling behaviour of beams, and we hope that it can inspire work to capture and describe postinstability behaviours of other elastic systems. More widely, our work may impact the design of compliant devices, which harness instabilities (e.g. buckling, snapping, wrinkling) to convey mechanical functionalities that are of use in soft robotics ( Autumn et al., 20 0 0; Shepherd et al., 2011 ) , sensors ( Brenner et al., 2003; Coulais et al., 2016 ) and actuators ( Li et al., 2013; Overvelde et al., 2015; Terwagne et al., 2014; Wang et al., 2012 ) .
Phenomenology: subcritical buckling
In this section, we present and expand the findings from our previous work on subcritical buckling of wide beams ( Coulais et al., 2015 ) . First, we discuss both the experimental and numerical protocols to study buckling of rectangular beams to determine the force-displacement relation. We consider both the numerical protocol for 3D FEM simulations with boundary conditions that closely model the experimental conditions, and 2D simulations with simplified boundary conditions. Second, we analyse the onset of buckling and the postbuckling compliance of beams of varying width-to-length ratio t . We then show that for both experiments and numerics the postbuckling compliance varies systematically with t , and becomes negative for t ࣡ 0.12.
Experiments and FEM simulations
In the analysis below, we consider beams of the width-to-length ratio t = w/ and depth d , under load F and corresponding uniaxial displacement u , where u, F > 0 correspond to a compressive deformation ( Fig. 1 a and b) .
Experiments
To perform buckling experiments, we mold 12 solid rectangular beams of rest length = 45 mm , depth d = 35 mm and widths ranging from w = 1 . 55 mm to w = 12 . 85 mm ( Fig. 1 (a) ) out of a well-characterized silicon rubber (Zhermarck, Polyvinyl Siloxane double elite 8, density 1.15 × 10 3 kg/m 3 , Youngs modulus E = 250 kPa , Poisson's ratio ν ≈ 0.5). The extremities of the beams are glued on plexiglass plates that are attached to the uniaxial testing device (Instron 5965) in order to approximate clamped-clamped boundary conditions, and we perform the experiments in a water bath in order to limit the effects of gravity.
3D Simulations
We simultaneously carry out a nonlinear analysis using the commercial finite element package Abaqus/Standard on beams with the exact same geometry as in the experiments. We determine the buckling point using a specific algorithm in 
. (e-f) Scaled compressive force F /( Ewd ) vs. compressive displacement u / for beams of different width for (e) the experiments (solid lines) and 3D simulations (dashed lines) and (f) the simplified 2D simulations. As the effects of gravity are negligible in the experiments and absent in simulations, the choice of the Young's modulus E is immaterial and we trivially scale the forces by E . our finite element code that does not require seeding the initial geometry with imperfections ( Coulais et al., 2015 ) , allowing to obtain a 0.1% accuracy on the buckling onset.
Material model -The rubbers used in our experiments are well described by the incompressible neo-Hookean formulation of nonlinear elasticity ( Boyce and Arruda, 20 0 0 ). We therefore use a neo-Hookean strain energy density ( Ogden, 1997 ) of the form
where G is the shear modulus, K the bulk modulus and F ≡ ∂ x /∂ X is the deformation gradient tensor from the undeformed coordinates X to the deformed coordinates x . In the numerical analysis, we use the moduli G = 83 kPa and K = 42 GPa, which models accurately the E = 250 kPa nearly-incompressible rubber used in the experiments.
Boundary conditions -We numerically impose clamped-clamped boundary conditions to resemble the experiments where the endpoints of the beam are glued on plexiglass plates.
Simplified 2D FEM simulations
In addition, we carry out 2D plane stress simulations (Abaqus element type CPS4) using the same material model, yet with simplified slip boundary conditions at both endpoints of the beam, which allows for free lateral expansion at the clamped-clamped endpoints to avoid barreling effects ( Narayanasamy et al., 1988 ) . The choice for plane stress over plane strain conditions is a priory not obvious because our beams are intermediate between the plane stress limit ( w d ), and plane strain limit ( w d ). We therefore used our 3D simulations to investigate the 3D stresses and strains for beam thicknesses where the postbuckling slope changes sign ( t ≈ 0.1). We found that in this case there are significant out of plane strains, but that the out of plane stresses are small (ratio between the lateral and uniaxial stresses < 0.1) this motivates us to focus on the plane stress case. The plane stress condition, which is nontrivial in finite-strain elasticity, is implemented by requiring that the yy-component of the true (Cauchy) stress is zero, which necessitates the iterative computation of the deformation gradient component F yy to satisfy this condition ( Doghri, 2013 ) . Altogether, these assumptions ensure that more complex 3D and boundary effects can be neglected and allow us to carry out the analysis in the simplest setting where subcritical buckling can be observed, and will be used later to pinpoint the physical mechanism at stake in the postbuckling behaviour of wide beams.
Buckling and subcritical buckling
In Fig. 1 (c and d) we simultaneously display 5 frontview snapshots of experiments and 3D simulations for a beam with t = 0 . 23 (w = 10 . 20 mm ) at different com pressive displacements, which are in very good qualitative agreement. Moreover, we plot the obtained force-displacement curves for the complete range of beam widths in Fig. 1 (e) , which illustrates that 3D simulations and experiments are also in very good quantitative agreement. Hence, the neo-Hookean material model describes the buckling of wide beams well. For all curves, we observe a near-linear increase until the onset of buckling, at which the slope abruptly changes. For thin beams, the force increases after buckling, while for thick beams, the force decreases. For buckling experiments under controlled force of a sufficiently wide beam, the postbuckling branch would thus be unstable and the pitchfork instability would be subcritical. Therefore, we refer to this type of instability as Subcritical Buckling . The 2D simulations, albeit considerably simpler, display qualitatively similar behaviour ( Fig. 1 (f) ), which demonstrates that subcritical buckling does originate neither from boundary-induced singularities nor from 3D effects. To the best of our knowledge, although subcritical buckling is fairly common in other settings such as the wrinkling instability ( Cao and Hutchinson, 2011; Huang et al., 2007; Moon et al., 2007 ) and the wrinkle-to-fold transition ( Audoly, 2011; Diamant and Witten, 2011; Pocivavsek et al., 2008 ) , such sign change is not predicted by any theory as of now for the Euler buckling of wide beams for realistic aspect ratios. Note that Magnusson et al. (2001) predicted such transition from supercritical to subcritical postbuckling, yet for overly large aspect ratios (t = 0.24), and for which the validity of the extensible, non-shearable elastica is not guaranteed.
We now retrieve the onset of buckling u c and the postbuckling slope S , using the relation between the load F and the compressive displacement u in the postbuckling regime:
with F c the critical buckling force. In Fig illustrates that subcritical buckling of wide beams is a robust phenomena: Even with the simplifications made in the 2D simulations, the differences in the postbuckling slope between 2D and 3D simulations are modest. The emergence of subcritical Euler buckling is, as we will show, readily related to nonlinearity in the stress-strain relation ( Coulais et al., 2015 ) . In the following, we will rationalize such behaviour by constructing a 1D model that encompasses such a stress-strain nonlinearity.
1D nonlinear beam model
In this section we formulate a 1D nonlinear model to describe the postbuckling of wide beams. Our model assumes (i) that the kinematics of the 1D model are captured by the Mindlin-Reissner strains, namely axial strain, curvature and shear ( Reissner, 1972 ) ; (ii) that axial stress and strain are related nonlinearly. Based on these assumptions, we derive an expression for the 1D energy density as well as the governing equations for the mechanical equilibrium of wide beams. We then analytically solve the governing equations and find excellent agreement with 2D simulations for the postbuckling behaviour, without any adjustable parameters. Finally, we refine our beam model using extensive 2D simulations and show that distortions from Mindlin-Reissner kinematics have a negligible effect on the predictions by the model.
Mindlin-Reissner beam with a nonlinear stress-strain relation
Mindlin-Reissner kinematics describe beams that can be compressed, bent and sheared. These three deformation modes are quantified by a compressive ˜ ε 0 (s ) , curvature ε 1 ( s ) ≡ θ s ( s ) and shear strain γ 0 ( s ), as function of the curvilinear coordinate s along the beam's central axis, with θ the deflection angle of the beam's axis with respect to the vertical. Therefore the total elastic energy of these beams is a functional of the form
where the 1D energy density of the beam [ s, ˜ ε 0 (s ) , θ (s ) , ε 1 (s ) , γ 0 (s ) ] exclusively depends on these strains.
The second key assumption is that stress and strain are related nonlinearly. To describe the vicinity of postbuckling, we set up an expansion of the nominal stress σ around the buckling strain ε b up to quadratic order, which yields:
where E b and σ b are the effective Young's modulus and nominal stress at buckling. In the case of neo-Hookean materials under plane stress conditions, the coefficients of this expansion can be determined analytically and read η = −1 + O ( ε b ) and
3 for a demonstration). In the case of plane strain conditions, not considered here, it can be shown that Coulais et al. (2015) ). The nonlinearity of the above stress-strain relation stems from the combination of large deformations and incompressibility and can qualitatively be understood from the fact that upon compression (tension) the cross-sectional area increases (decreases) and the stress-strain curve is therefore effectively stiffening (softening). In addition, we assume a linear relation between the nominal shear stress τ and shear strain γ , τ = Gγ in agreement with the elasticity of neo-Hookean materials ( Ogden, 1997 ).
Based on these two assumptions, we find that the 1D energy density describing postbuckling reads:
and G is the shear modulus. Crucially, the nonlinear correction proportional to η introduces a nonlinear coupling between the compression strain and the curvature ε 0 ε 2 1 , and such coupling is absent in previous linear beam models ( Humer, 2013; Magnusson et al., 2001 ) .
To establish the governing beam equations, the total elastic energy E has to be minimized under the geometrical constraint set by the boundary conditions. In the case of Euler buckling, a uniaxial displacement is applied along the vertical axis of the beam and is associated to the following geometrical constraint:
where F is the Lagrange parameter associated with the axial displacement u that corresponds to the external axial force applied on the beam. We use the fact that ε 1 ≡ θ s to apply the Euler-Lagrange formulation ( Marion, 2013 ) on the energy functional including the constraint:
which yields the governing equations of the beam:
This set of three coupled equations determine the beam's central axis in the postbuckling regime of wide beams. We will refer to this set of equations as the 1D nonlinear beam model, since it includes the nonlinearity η. Please note that in the limit of linear materials ( η = 0 , E b = E), Eq. (8) correspond to the equations for a shearable and extensible beam derived by Humer (2013) . If additionally the beam is assumed non-shearable, γ 0 (s ) = 0 and Eq. (8c) drops out, leaving us with a simpler model derived by Magnusson et al. (2001) . Finally, for inextensible beams ε 0 (s ) = ε b = 0 , Eq. (8b) drops out, and we recover Euler's elastica EIθ ss + F sin θ = 0 ( Euler, 1774 ) . Our beam model thus correctly captures all these linear models.
Solutions to the 1D nonlinear beam model
In this section we solve the 1D nonlinear beam model given in Eq. (8) and show that the postbuckling slope is dramatically changed and the compressive Mindlin-Reissner strain significantly improved, when incorporating a nonlinearity η.
Dimensionless form
The results below will be presented in dimensionless form and we introduce the following dimensionless quantities:
The quantities s and F represent the dimensionless curvilinear coordinate and force respectively, and ∼ / w can be recognized as the slenderness ratio ( Bažant and Cedolin, 2010 ) . Using the dimensionless quantities, the set of scaled beam equations given in Eq. (8) reads:
In the remainder of the paper we drop the overbars, unless if noted otherwise. For convenience, we additionally define:
where ν is the Poisson ratio. In Eq. (10) we use Euler's prediction for ε b , that accurately describes the onset of buckling, even for wide beams (see Fig. 2 (a) ). Furthermore, all the parameters E b , r and η can be determined theoretically to leading order in the beam widthto-length ratio t . In what follows we use these predictions as input parameters and solve Eq. (10) to obtain a closed-form expression for the postbuckling slope as function of and to leading order in t .
Closed-form expression for the postbuckling slope as a function of t .
Here we derive our main result, namely the postbuckling slope as a function of beam width-to-length ratio t . In deriving the postbuckling slope, we are interested only in the mechanical response of the beam infinitesimally beyond buckling.
Therefore, we only need to solve Eq. 10 for small ( θ ( s ) 1), yet nonlinear beam deflections. As a first step, we expand the governing beam equations up to the cubic order in θ , and substitute Eqs. (8b) and (8c) into Eq. (8a) to obtain:
We now solve this linearized equation using a perturbative expansion that is consistent with the symmetry of Eq. (12) , which only contains odd powers in θ , and that matches the imposed clamped-clamped boundary conditions, θ (0) = θ (1) = 0 :
Here, α and β physically correspond to the maximum deflection angle of the first and third harmonic of the Fourier series which describe the beam shape θ ( s ). To see how α and β are coupled, we substitute the perturbative expansion for θ ( s ) in Eq. (12) . By collecting all terms proportional to sin (6 π s ), and setting the sum of their coefficients to zero, we found that β is coupled to a higher power of α, specifically β ∼ α 3 . Therefore, since α 1, β α, and in the following we set β = 0 . Under the assumption β = 0 , Eq. (12) leads to an explicit equation relating the force F to the deflection α. Expanding F ( α) for small deflection α, yields the shape of the pitchfork bifurcation ( Guckenheimer and Holmes, 1983 ) :
where κ is the curvature of the pitchfork. To connect this excess force to the axial displacement u , we establish the relation between the deflection angle α and the axial displacement using the geometrical relation
which upon small deflections, can be expanded to obtain the desired relation u ( α, F, , η, r ). We then invert this relation to α( u, F, , η, r ) and substitute it in Eq. (14) , resulting in an equation that needs to be solved for F ( u, , η, r ). The final step is then to expand the solution for F in the limit u → u where the value of η is independently determined using the neo-Hookean model under the simplifying assumption that the neo-Hookan material is uniaxially compressed (see Appendix A.3 ). The comparison shown in Fig. 3 shows excellent agreement between the simulations and our prediction in Eq. (16) , namely the quadratic correction matches the data very well for small t and remains accurate up to t ≈ 0.1 (see Fig. 3 (a) ). Although we should not expect our prediction to be accurate for wider beams, it remains in qualitatively agreement with the simulations and succeeds in predicting subcritical buckling at a critical width-to-length ratio t ≈ 0.15 (see Fig. 3 (b) ).
Beyond the success of our asymptotic approach, a closer inspection of the quadratic correction to the postbuckling slope S in Eq. (16) allows us to infer three important conclusions. First, the quadratic correction is independent of the ratio of moduli r , given in Eq. (11) . Since r sets the magnitude of shear deformations with respect to uniaxial compression, we conclude that shear is subdominant in the lowest order terms of S ( t ). Second, the coefficient of the quadratic correction is quadratic in η (see Fig. 5 ), suggesting the sign of the nonlinearity does not play a role. This is consistent with earlier simulations and experiments ( Coulais et al., 2015 ) where we designed metabeams for which η > 0, in contrast to the neo-Hookean stressstrain nonlinearity for which η < 0, and found that also in this case S decreases with t . Third, the coefficient of the quadratic correction confirms our initial hypothesis that the stress-strain nonlinearity is the crucial ingredient to capture S ( t ) correctly: the magnitude of this coefficient is entirely determined by the nonlinearity parameter η. In the absence of η the magnitude of the coefficient is much smaller, and S ( t ) would be only weakly decreasing with t (see Fig. 3 ). We thus conclude that the nonlinearity η ensures that our theoretical prediction in Eq. (16) is able to capture the subcritical buckling at realistic aspect ratios, in contrast to earlier linear theories ( Humer, 2013; Magnusson et al., 2001; Reissner, 1972 ) .
Mindlin-Reissner strains in the nonlinear beam model
We will now illustrate that the prediction for the compressive Mindlin-Reissner strain ε 0 ( s ) is significantly improved by the nonlinearity η. In Fig. 4 (a-c) 
Distortions from Mindlin-Reissner kinematics with nonlinear stress-strain relation
The previous derivation of the 1D nonlinear beam model in Eq. (8) is simple and directly follows from the use of two basic assumptions. In particular, using Mindlin-Reissner kinematics is a customary yet not controlled assumption. In this section, we investigate the validity of such a choice by using extensive numerical simulations and demonstrate that distortions from the Mindlin-Reissner kinematics systematically occur, modifying the 1D energy density and governing equations, albeit with a subdominant effect. To explore deviations from Mindlin-Reissner strains, we investigate systematically the stress and strain profiles in Appendix A . In particular, we find that the axial strain profile at the center of the beam takes the form:
where
w 2 ] is the transverse coordinate across the beam width. ˜ ε 0 and ε 1 are Mindlin-Reissner strains introduced in Section 3.1 and ε i (with i ≥ 2) correspond to distortions from a linear axial strain profile. In Appendix A we have also performed a similar systematic analysis for the shear profile.
Following the extensive simulations and thorough asymptotic analysis procedure in Appendix A , we find that the 1D energy density takes the form:
where the coefficients E b , η, ζ 1 ( t ), ζ 2 ( η), G, k 1 and k 2 can be determined numerically. Note that in the limit when ζ 1 , ζ 2 and k 2 are zero, we recover Eq. (5) . Eq. (18) is very similar to Eq. (5) and the numerical values of the coefficients E b , η, and G match the values that come from the neo-Hookean material model ( Ogden, 1997 ) (see Appendix A ). In addition we see that the differences associated to distortions from the Mindlin-Reissner kinematics can be captured by the coefficients ζ 1 ( t ), ζ 2 ( η), k 1 and k 2 . While k 1 = 0 . 67 ± 0 . 15 is a classical coefficient known as the shear correction factor ( Timoshenko, 1921; Timoshenko and Goodier, 1970 ) whose value quantitatively matches Timosenko's prediction ( Cowper, 1966; Hutchinson, 20 0 0 ), ζ 1 ( t ), ζ 2 ( η), and k 2 are undocumented and correspond to higher order distortions of the strain profiles. They have been determined in Appendix A as:
Note that even though k 2 ( t ) is singular for t → 0, γ 0 scales as t 4 , such that the product k 2 γ 4 0 that arises in Eq. (18) is regularized for t → 0. Nonetheless, we see that the distortions in Eq. (19) introduce minor modifications of the prefactors in Eq. (18) and in what follows we show that they do not play a major role in the model.
We now carry out the same Euler-Lagrange approach as previously and find the refined governing equations:
This set of equations is the equivalent of the previously established Eqs. (8a) - (8c) and has been determined through a well defined and rigorous set of assumptions. Unfortunately, the coefficients ζ 1 ( t ), ζ 2 ( η) and k 2 have to be determined numerically. Following the procedure in Section 3.2.2 we linearize and solve Eq. (20) and find that which reduces to Eq. (16) by setting ζ 2 = 1 . We have plotted Eq. (21) in Fig. 3 and see that the corrections ζ 1 , ζ 2 and k 2 result in a minor improvement to the postbuckling prediction. Finally, we numerically solved Eq. 20 to obtain the MindlinReissner strains and plotted the result for η = −1 in Fig. 4 . Again, we find that the corrections result in a minor improvement to the postbuckling prediction. Altogether, this illustrates that the corrections ζ 1 , ζ 2 and k 2 have a subdominant contribution to the postbuckling behaviour.
Conclusions and discussion
We have presented a thorough investigation of the postbuckling of nonlinear elastic beams, using experiments, finite element simulations and theory. In particular we have focussed on subcritical buckling, where, for neoHookean beams, the slope of the force-displacement curve becomes negative beyond buckling when the beam width-to-length ratio exceeds 12%.
The main result of this paper is a 1D nonlinear beam model that includes a material nonlinearity η. We constructed the model by building the beam's energy density using Mindlin-Reissner kinematics with a nonlinearity in the stress-strain relation, and demonstrated that this nonlinearity is crucial to accurately capture the postbuckling behaviour of wide beams and in particular to predict subcritical buckling. In contrast with previous works that have reported a significant effect of the ratio E / G on the flexure response ( Goto et al., 1990 ) and the critical buckling force ( Humer, 2013 ) of extensible and shearable beams, we found that E / G has a subdominant effect on the postbuckling slope.
Though our model has been established in the case of neoHookean material nonlinearity ( η < 0), our findings could be generalized to a wider class of nonlinear elastic materials, such as cellular materials with nonlinear effective properties ( Castañeda, 1991; Coulais, 2016; Gibson and Ashby, 1997 ) . We expect this generalization to hold provided that the leading nonlinearity of the elastic material is quadratic in nature and that the material strains do not significantly deviate from the Mindlin-Reissner strain decomposition (as is shown in Section 3.3 for 2D plane stress beams). For example, in recent work by Coulais et al. (2015) , beams patterned with a periodic 2D pattern of pores were shown to exhibit positive, geometrically induced nonlinearity ( η > 0). They found that a sufficiently strong nonlinearity leads to subcritical buckling, even when the beam width-to-length ratio is small. Such a transition to subcritical buckling for η > 0 is in qualitative agreement with our theory that predicts that the postbuckling slope essentially decreases quadratically in η with its maximum at η = 0 (see Fig. 5 ). The present work rationalizes those findings and provide strong guidelines for the design of postinstability regimes in soft structures and architected materials ( Ashby and Brechet, 2003 ) , where arbitrary values of η can be achieved ( Coulais, 2016 ) . We envision in particular that our description could be of interest for the design of compliant hierarchical cellular materials, which often rely on the buckling instability for their functionality ( Cho et al., 2014; Yang et al., 2016 ) .
In addition, we note that other types of material nonlinearities could be explored and addressed within our framework, for instance, plasticity, stress-relaxation, swelling ( Holmes et al., 2011; Kim et al., 2012; Na et al., 2016; Pezzulla et al., 2015; Yoon et al., 2010 ) or even growth and activity, which are ubiquitous in biological solids ( Gladman et al., 2016; Sharma et al., 2016 ) . Finally, while our work could be of great use for the engineering of systems that draw on Euler buckling for their functionality ( Shim et al., 2012; Wang et al., 2014 ) , a plethora of compliant architected material harness the snapping instability ( Brenner et al., 2003; Coulais et al., 2017; Florijn et al., 2014; Frenzel et al., 2016; Holmes and Crosby, 2007; Nasto et al., 2013; Overvelde et al., 2015; Raney et al., 2016; Shim et al., 2012 ) . In order to understand the role of material nonlinearity on such instabilities and to devise mechanical design guidelines, our present framework should be generalized to pre-curved geometries, such as curved beams and shells.
Appendix A. Asymptotic analysis of 2D FEM simulations
In this appendix, we use 2D FEM simulations to illustrate and quantify the role of nonlinearities in the stress-strain relation, set up a systematic series expansion for the spatial variation of stress and strain across the beam, and use the numerical results to determine the dominant terms in this expansion. Our findings will allow us to unambiguously establish a well defined expression for the 1D energy density of the beam and to compare it with standard limits such as Euler's elastic, Timoshenko beams and Mindlin-Reissner beams.
A1. Series expansion of the axial nominal stress and strain
First, we perform a systematic expansion of the nominal stress and strain profiles in the beam's transverse coordinate x / w , the beam width-to-length ratio t and the excess displacement u ≡ ( u − u c ) /u c , and determine all prefactors and scaling exponents using our FEM results.
Standard beam theories such as Mindlin-Reissner theory assume that the nominal stress and strain profiles are linear in x . In wide 2D neo-Hookean beams, the deformation field is more complex and we analyse deviations from a linear profile by expanding the nominal strain and stress around the buckling strain ( ε b ) and stress ( σ b ), as function of the (scaled) transverse coordinate x / w , at the middle of the beam:
where C n and D n are the coefficients of the expansion in x / w of order n . We refer to these coefficients as the postbuckling profile coefficients. At buckling ( u = 0) , C n = D n = 0 , so it is natural to assume that the postbuckling profile coefficients C n and D n grow as power laws in t and u in the postbuckling regime. Therefore, we postulate:
Here, α n , β n , ρ n and τ n are postbuckling profile scaling exponents and C n and D n are the postbuckling profile prefactors which we will now determine up to the order n = 5 from our numerical simulations.
To determine all the constants, we use the numerical protocol described in Section 2.1.3 and perform N = 10 2 simulations for beams with a logarithmically spaced width-to-length ratio in the range from t = 0 . 01 up to t = 0 . 25 , and with an excess strain that is increased from u = 10 −3 up to u = 1 in 3 × 10 2 subsequent steps. For each simulation we extract the spatial shape of the nominal stress and strain as function of x / w across the middle of the beam at s = / 2 and fit ε( x ) and σ ( x )/ E to polynomials of order n = 5 , by which we obtain the postbuckling profile coefficients C n ( t, u ) and D n ( t, u ) for each specific set of parameter values t and u . From these quantities we subsequently deduce the postbuckling profile scaling exponents and prefactors up to order n = 5 .
The results of this fitting procedure, shown in Fig. A.6 and Tables A.1 and A.2 confirm the validity of the polynomial asymptotic decomposition in Eqs. (A.1) and (A.2) . In the following, we carry out a similar analysis for shear deformations. 1.0 ± 0.15 1.01 ± 0.15 6.05 ± 0.9 6.00 ± 0.9 5 0.51 ± 0.15 0.52 ± 0.16 6.20 ± 1.9 5.82 ± 1.7
Table A2
Postbuckling profile prefactors C n and D n and their ratio, for the expansion of the nominal strain and stress profiles as defined in Eqs. 
A2. Series expansion of the nominal shear stress and strain
Second, we investigate shear effects using a similar expansion as above in the beam transverse coordinate x / w , the beam width-to-length ratio t and the excess displacement u ≡ ( u − u c ) /u c , and determine all prefactors and scaling exponents using our FEM results. Standard beam theories such as Mindlin-Reissner theory assume that the nominal shear stress and strain profiles are constant across the beam. In wide 2D neo-Hookean beams, the deformation field is more complex and we analyse deviations from a constant profile by expanding the nominal shear strain and stress around the buckling strain and stress. Following a similar series expansion as in Eqs. (A.1) and (A.2) , we expand the nominal shear strain and stress profiles as:
where J n and K n are the postbuckling profile coefficients of the expansion at order n . Note that prior to buckling, the beam simply undergoes uniform uniaxial compression and has not developed any curvature yet. Therefore, unlike the uniaxial nominal strain and stress which are constant across the beam in the prebuckling regime, the shear stress and strain are strictly zero for u ≤ 0. Similarly to the postbuckling profile coefficients C n and D n ( Eqs. (A.2a) and (A.2b) ), we use that J n = K n = 0 at buckling, and we assume that the postbuckling profile coefficients J n and K n grow as power laws in t and u in the postbuckling regime:
Here, ξ n , n , υ n and Y n are the postbuckling profile scaling exponents, and J n and K n are the postbuckling profile prefactors which we determine from numerical simulations.
To determine all the constants, we use the same set of N = 10 2 FEM simulations as before, from which we now extract the spatial shape of the nominal shear stress and strain as function of x / w along a cross section at one quarter of the beam, s = / 4 , and fit γ ( x ) and τ ( x )/ G to polynomials of order n = 3 . From the resulting fits we then obtain the postbuckling Fig. A.7 . Dependence of the spatial nominal shear strain and stress profiles on u and t , obtained by FEM simulations. In black, blue and green we have plotted the postbuckling profile coefficients J n (solid lines) and K n (dashed lines), corresponding to order n = 0 , n = 1 and n = 2 respectively. (a-b). We have plotted | J n | and | K n | as function of u for (a) a slender beam ( t = 0 . 02 ) and (b) a thick beam ( t = 0 . 15 ). (c). Dependence of J n and K n on the beam's aspect ratio t . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Table A3
Postbuckling profile scaling exponents of u and t , for the expansion of the nominal shear strain and stress profiles as defined in Eqs. (A.3) and (A.4) . Each row corresponds to a different order of n and results are provided up to cubic order (n = 3) . 
Table A4
Postbuckling profile prefactors J n and K n and their ratio, for the expansion of the nominal shear strain and stress profiles as defined in Eqs. (A.3) and (A.4) . Each row corresponds to a different order of n and results are provided up to cubic order (n = 3) .
−18 . 9 ± 1 . 9 −18 . 8 ± 1 . 9 1.0 ± 0.14 1 −45 . 3 ± 4 . 5 −45 . 3 ± 4 . 5 1.0 ± 0.14 2 205.9 ± 20.6 204.3 ± 20.4 1.0 ± 0.14 3 −4 . 4 · 10 3 ± 1 . 8 · 10 3 −3 . 7 · 10 3 ± 1 . 5 · 10 3 1.2 ± 0.68 profile coefficients J n and K n for a specific set of parameter values t and u . From these quantities we subsequently deduce the postbuckling profile scaling exponents and prefactors up to order n = 3 . The results of this fitting procedure, shown in .4) . In the following, we discuss the implications of such asymptotic analysis for the formulation of 1D models.
A3. Effective stress-strain relations
In this appendix we set up the appropriate stress-strain relations for both the uniaxial and shear stress-strain relation.
A3.1. Nonlinear uniaxial stress-strain relation
From Table A .2 we see that the coefficients C n and D n are not equal, thus evidencing a nonlinearity in the stress-strain relation. Because the postbuckling slope ( Eq. 2 ) is defined in the vicinity of the buckling point, the starting point is to write a Taylor series for the normal stress around the buckling strain ε b up to quadratic order, which yields
We can calculate E b and η analytically by evaluating the expansion in Eq. (A.5) using the stress-strain relation for uniaxially compressed neo-Hookean materials ( Ogden, 1997 ). This yields: 
Furthermore, note that as ε b → 0, we retrieve E b /E = 1 and η = −1 , in agreement with the small strain limit of uniaxally compressed neoHookean materials ( Ogden, 1997 ). Finally, Eq. (A.6d) is also consistent with the value that we can calculate from the numerical constants C n and D n using Table A .2 , namely:
A3.2. Linear shear stress-strain relation
In addition, we have seen from Table A.4 that the coefficients J n and K n are equal, therefore the nominal shear strain and stress are linearly related, hence we can assume (A.8) which is the result as predicted by Ogden (1997) in the case of simple shear for neo-Hookean materials. We will use this linear constitutive equation for the shear in the remainder of this paper.
Appendix B. Construction of the 1D energy density comprising stress-strain nonlinearity
In this appendix, we construct the energy density based on Mindlin-Reissner kinematics and a nonlinear stress-strain relation and take into account distortions to the Mindlin-Reissner kinematics. This 1D energy density is the base of our models, presented in Section 3 of the main text.
We start by expressing the total increase of the elastic energy beyond buckling. This increase follows from an integral of the respective products of stress and strain, integrated over the surface area of the beam, that is, Even though we consider 2D beams, we keep a factor d (the depth) here to facilitate comparison to 3D beam results. For 2D beams, the ' yy ', ' xy ' and ' yz ' contributions are zero. Moreover, since the beam can freely expand along the x direction without any barrelling effects near the boundaries, we expect that σ xx ≈ 0 at each point of the beam, an assumption which we have verified numerically in our 2D simulations. As a result, we are left with the ' zz ' and ' xz ' terms, which correspond to the uniaxial and shear deformations, respectively. Our aim is to set up an energy functional using the Mindlin-Reissner strains -1D fields describing the shape of the beam along the curvilinear coordinate s. Therefore we define a linear energy density ( s ) as follows: 
B1. 1D energy density including distortions from Mindlin-Reissner kinematics
Here we present the energy density comprising distortions from the Mindlin-Reissner strains and built with the aid of the numerical results. To this end, we substitute the respective stress-strain relations ( Eqs. (A.5) and (A.8) ) to carry out the integration with respect to the nominal strains ε and γ . Second, we integrate with respect to x by using the expansions of the uniaxial and shear strain profiles up to cubic order ( Eqs. (A.1a) and (A.3a) ). This yields: To obtain the above results we have used the fact that there is a clear pattern in the scaling exponents of the higher order corrections of the uniaxial and shear strain profiles with the excess displacement u , which alternate between 1/2 and 1 (see Tables A.1 and A. 3 ). Consequently, we can factorize the u dependence and express the higher order corrections in terms of the Mindlin-Reissner strains. For example, the quadratic postbuckling profile coefficient of the axial strain profile, C 2 = C 2 u t 4 , can be expressed in terms of ε 0 ≡ C 0 = C 0 u t 4 as C 2 = C 2 / C 0 ε 0 .
